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Abstract: In this paper we propose a novel approach to deriving uncertainty model in 
reliability applications. It is based on a state space representation of the system life cycle 
which is similar to techniques widely used in the control theory (CT). Such a model in 
turn allows applying CT methods (e.g., optimal control algorithms) to assess the reliability 
in case of high level of uncertainty. In particular, a CT-based model is effective even if the 
system performances cannot be described in terms of single-valued statistical 
characteristics. We demonstrate that in such a situation a CT-based model combined with 
the so-called ‘interval-valued probabilities’ becomes a very promising tool for reliability 
computations. 
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1.    Introduction 

Reliability analysis normally deals with assessment of statistical characteristics 
responsible for the system abilities to survive under the threats of possible failures. The 
high level of uncertainty associated with such a problem requires adequate models which 
allow obtaining accurate forecasts necessary to provide further decision support [1]. 
Meanwhile the most used methods for reliability computations are based on the 
assumption that distribution laws describing the properties of random variables (e.g., time 
to failure) have been determined in advance. Naturally such an assumption limits the 
importance of the analysis to the choice of an adequate distribution. 

In the recent years, a new approach to uncertainty quantification – the so called 
‘interval-valued probabilities’ (IPT) – has been proposed in [2, 3]. IPT makes use of 
operations on the bounds of the intervals containing the values of the system statistical 
characteristics when the distribution of a random variable is unknown or imperfectly 
known. The disadvantage of this technique is the hypertrophic increase of the width of the 
intervals propagated through a number of operations. A few ideas on how to improve the 
results of IPT in reliability applications were described in [4, 5]. However any significant 
progress in the matter could be achieved only if a novel methodology for deriving and 
using the probabilistic models is developed. 

In this paper, we demonstrate that investigation of the analogy between reliability 
and control theory models is exactly the way to new frontiers. 

2.   Control Theory based Approach for deriving Reliability Models 

A typical model considered in the control theory focuses on the relations between some 
‘inputs’ (control signals) and ‘outputs’ (resulted parameters, or regulated variables) of the 
dynamical process. In turn the system dynamics is often described by the differential 
equations in a state space form [6]: 
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𝑑𝑥𝑙(𝑡) 𝑑𝑡⁄ = 𝜙𝑙(𝑥1(𝑡), 𝑥2(𝑡), … , 𝑥𝑟(𝑡),𝑢(𝑡), 𝑡), 𝑙 = 1,2, … , 𝑟. (1) 
Here 𝑢(𝑡) is control (input) signal, 𝑥𝑙(𝑡), 𝜙𝑙(∙), 𝑙 = 1,2, … , 𝑟, are state space coordinates 
and given functions respectively. 

The reliability analysis considered from the control theory (CT) point of view 
performs the investigation of the statistical characteristics which in general are influenced 
by single ‘input’ signal (Figure 1), namely probability density function (pdf) 𝜌(𝑡) of time 
𝑇 to failure. If pdf 𝜌(𝑡) is defined then cumulative distribution function (cdf) 𝐹(𝑡) =
Pr (𝑇 < 𝑡) which is one of the model ‘outputs’ can be obtained as 

𝐹(𝑡) = � 𝐼[0,𝑡](𝜂)𝜌(𝜂)𝑑𝜂
∞

0
, (2) 

where 𝐼[0,𝑡](𝜂) equals 1, if 𝜂 ∈ [0, 𝑡], or equals 0, otherwise. 
In turn, expectation 𝑀(𝑔) of any non-negative function 𝑔(𝑡) can be considered as 

another ‘output’ of the model which satisfies the expression 

𝑀(𝑔) = � 𝑔(𝑡)𝜌(𝑡)𝑑𝑡.
∞

0
    (3) 

If 𝑔(𝑡) = 𝑡 then expression (3) evolves into mean time to failure 𝜏 = 𝑀(𝑇). 

 
Figure 1: Model for Reliability Computations in Light of Control Theory Paradigm 

Finally, the failure rate 𝜆(𝑡) is also an ‘output’ of the model computed as 

𝜆(𝑡) = 𝜌(𝑡) �1 −� 𝐼[0,𝑡](𝜂)𝜌(𝜂)𝑑𝜂
∞

0
�� . (4) 

In reliability analysis one has to consider two functions which interrelations 
correspond to the differential equation – pdf and cdf. 

Denote 𝑢(𝑡) = 𝜌(𝑡), 𝑥1(𝑡) = 𝐹(𝑡). Then 
𝑑𝑥1(𝑡) 𝑑𝑡⁄ = 𝜙1(𝑥1(𝑡),𝑢(𝑡), 𝑡) = 𝑢(𝑡). (5) 

Now we study interdependency of 𝑥1(𝑡) and its derivative 𝑢(𝑡). Note that the control 
theory considers such type of investigations as application of specified state-space 
techniques [6]. Each curve in the Cartesian plane (Figure 2) reflects a possible relation 
between 𝑥1(𝑡) and 𝑢(𝑡) when time 𝑡 changes from zero to infinity. These curves are 
graphical trajectories of a system life cycle. A particular curve starts at some point on 𝑌-
axis when 𝑡 = 0 and continues in the ‘left-to-right’ direction (as the derivative 𝑢(𝑡) of 
𝑥1(𝑡) is non-negative only if 𝑥1(𝑡) is a non-decreasing function). When 𝑡 → ∞ the 
trajectory attains its terminal point located at the vertical line for which 𝑥1(∞) = 𝐹(∞) =
1 (Figure 2). Note that in terms of the control theory, the situation in which 𝑡 → ∞ is 
allowed corresponds to the case of the so-called ‘infinite horizon control’ [7]. 

Model for Computing 
System Reliability 

Failure rate 𝜆(𝑡) 

Expectation 𝑀(𝑔) of a function 𝑔(𝑡) 

cdf 𝐹(𝑡) 

pdf 𝜌(𝑡) 

Outputs Input 
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Figure 2: State Space Trajectories of a System Life Cycle – 𝑢(𝑡) vs. 𝑥1(𝑡) 

By studying state space trajectories of a system life cycle one gets an opportunity to 
understand the system behavior and give failure prognosis. 

3.   Interval-Valued (Imprecise) Probabilities and Optimal Control Models 

Imprecise prevision theory (IPT) started by fundamental publications [2, 3] deals with the 
uncertainty models containing interval-valued statistical characteristics. An important 
advantage of IPT is its capability to combine both statistical data and experts judgments 
when estimating the lower and the upper bounds on probabilities and other relevant 
characteristics. Such estimates can be obtained by solving problems of linear 
programming type without introducing additional assumptions on a probability 
distribution. 

Traditional IPT problem statement in one-dimensional case considers the following 
constraints: 
𝜌(𝑡) ≥ 0, (6) 

� 𝜌(𝑡)𝑑𝑡
𝑇∗

0
= 1, 𝑎𝑖 ≤ � 𝑓𝑖(𝑡)𝜌(𝑡)𝑑𝑡 ≤ 𝑎𝑖

𝑇∗

0
, 𝑖 = 1,2, … ,𝑛. (7) 

Here 𝜌(𝑡) is unknown probability density function (pdf) of the random variable 𝑇, 
outcomes of which belong to the interval [0,𝑇∗], 𝑓𝑖(𝑡), 𝑖 = 1,2, … ,𝑛, are given real-valued 
positive functions (so-called ‘gambles’), 𝑎𝑖 , 𝑎𝑖 ∈ ℜ+, 𝑖 = 1,2, … ,𝑛, are given numbers. In 
reliability applications 𝑇 typically means time to failure. 

It is necessary to find the coherent lower and upper previsions 𝑀(𝑔) and 𝑀(𝑔) for 
expectation 𝑀(𝑔) of some other non-negative function (‘gamble’) 𝑔(𝑡) subject to 
constraints (6) and (7). In turn 

𝑀(𝑔) = inf
𝜌(𝑡)

� 𝑔(𝑡)𝜌(𝑡)𝑑𝑡
𝑇∗

0
,𝑀(𝑔) = sup

𝜌(𝑡)
� 𝑔(𝑡)𝜌(𝑡)𝑑𝑡.
𝑇∗

0
 (8) 

In some practical applications (e.g., failure prognostics) the bounds of the intervals 
[𝑀(𝑔),𝑀(𝑔)] generated by traditional IPT methods, however, are not tight enough, so the 
resulted uncertainty is too high for providing justified decision support. The additional 
constraints can be introduced to reduce the width of the prevision intervals. 

The first enhancement of the approach exploits an idea of restricting ourselves to the 
case in which the unknown pdf values are reasonably bounded by the definite positive 
number 𝐾 elicited from the expert judgments [4, 5]. Actually this requirement takes the 
form of inequality 

𝑢(𝑡) = 𝜌(𝑡) 

0 𝑥1(𝑡 → ∞) = 1 𝑥1(𝑡) = 𝐹(𝑡) 
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𝜌(𝑡) ≤ 𝐾,𝐾𝑇∗ ≤ 1. (9) 
The inequality (6) allows excluding unbounded pdf’s (e.g., linear combinations of 

Dirac’s 𝛿-functions) from the set of densities 𝜌(𝑡) for which the expectation 𝑀(𝑔) attains 
its maximum or minimum. One can also require the derivatives of 𝜌(𝑡) to be bounded [8]. 
Both bounded pdf’s and their derivatives give the possibility to make the bounds of the 
interval [𝑀(𝑔),𝑀(𝑔)] much tighter. 

The another enhancement is related to the problem which deals with the bounded 
failure rates 𝜆(𝑡) [9] and assumes that 
𝜆 ≤ 𝜆(𝑡) ≤ 𝜆, (10) 
where 𝜆, 𝜆 ∈ ℜ+ are given numbers. 

Thanks to the bounded failure rates, one can extend the interval of possible time to 
failure values till infinity (𝑇∗ → ∞). Such a concept is significantly more adequate for 
representing the real situations as actually nobody a priori knows how long the system can 
work before the failure occurs. 

Note that the constraints (9) or (10) do not allow solving the corresponding 
optimization problems in the framework of the traditional IPT methodology based on 
linear programming algorithms [2, 3]. The crux is that we cannot convert the primal 
problem to a dual form as typically done when linear programming technique is applied. 
Namely, in this case the dual problem will contain an infinite number of variables. The 
appeared difficulty has been overcome by the application of variational calculus methods 
[4, 5, 8, and 9]. 

The obtained results confirm that the accuracy of reliability interval assessments has 
been improved if the constraints (9) or (10) are utilized. However the approach has not 
been sufficiently generalized yet. In particular, it cannot operate with constraints of the 
types (9) and (10) simultaneously. In this paper we continue development of the approach 
taking into account that the models under investigation are very similar to those 
considered within optimal control theory [10, 11]. 

Indeed, if we apply state space model (5) to reliability analysis then the constraints 
(9) and (10) can be easily shown in the Cartesian plane 𝑢(𝑡) vs. 𝑥1(𝑡) (Figure 3). 

 
Figure 3: Trajectories of a System Life Cycle in Case of Bounded PDF and Failure Rate 

For instance, the bounded pdf (9) requires the existence of a horizontal line 𝑢(𝑡) =
𝐾. The bounds on the failure rates introduced by the inequalities (10) are depicted by the 
straight lines described by the linear algebraic equations 𝑢(𝑡) = 𝜆(1 − 𝑥1(𝑡)) and 

𝑢(𝑡) = 𝜌(𝑡) 

0 𝑥1(𝑡 = 𝑇∗ → ∞) = 1 𝑥1(𝑡) = 𝐹(𝑡) 

𝜆 

𝜆 

𝐾 

𝑥10 
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𝑢(𝑡) = 𝜆(1 − 𝑥1(𝑡)). As the result only the trajectories lying inside the area bounded by 
the aforementioned straight lines (Figure 3) satisfy the constraints (9) and (10). 

We aim at seeking the control functions 𝑢(𝑡) and the corresponding system life cycle 
trajectories for which the expectation 𝑀(𝑔) attains its maximum (minimum) subject to 
constraints (6), (7), (9), (10). This optimization problem includes various types of 
constraints. In particular, expressions (7) represent so-called ‘isoperimetric’ constraints 
(they set the bounds on integrals depending on 𝑢(𝑡) = 𝜌(𝑡)). On the contrary (6), (9) and 
(10) belong to the type of ‘holonomic’ (non-integral) constraints. 

The solution of the formulated optimal control problem can be obtained via 
application of the principle of maximum [10]. Its modification to the case of combined 
isoperimetric and holonomic constraints was developed by [11]. 

We introduce the following notation: 
𝜙0(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡) = 𝑔(𝑡)𝑢(𝑡); 
ℎ𝑘(𝑡) = 𝑓𝑘(𝑡)𝑢(𝑡) if 𝑘 = 1,2, … ,𝑛 or ℎ𝑘(𝑡) = −𝑓𝑘−𝑛(𝑡)𝑢(𝑡) if 𝑘 = 𝑛 + 1,𝑛 + 2, … ,2𝑛; 
ℎ2𝑛+1(𝑡) = 𝑢(𝑡);  𝑆𝑘(𝐛) = −𝑎𝑘  if 𝑘 = 1,2, … ,𝑛 or 𝑆𝑘(𝐛) = 𝑎𝑘  if 𝑘 = 𝑛 + 1,𝑛 + 2, … ,2𝑛; 
𝜉1(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡) = 𝑢(𝑡); 𝜉2(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡) = 𝐾 − 𝑢(𝑡); 
𝜉3(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡) = 𝑢(𝑡) �1− 𝑥1(𝑡)�⁄ − 𝜆; 𝜉4(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡) = 𝜆 − 𝑢(𝑡) �1− 𝑥1(𝑡)�⁄ , 

(11) 

where 𝐛 = (𝑏1, 𝑏2, … , 𝑏2𝑛) is the vector of control parameters. 
Assume the optimal solution of the formulated problem is 𝑢(𝑡) = 𝑢∗(𝑡), 𝑥1(𝑡) =

𝑥1∗(𝑡), 𝐛 = 𝐛∗. 
Then according to the results of optimal control theory [11] there exist the functions 

𝐻(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡,𝜓1(𝑡),𝛍)

= 𝜓0𝜙0(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡) + 𝜓1𝜙1(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡) + � 𝜇𝑘ℎ𝑘(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡),
2𝑛+1

𝑘=1

 
(12) 

𝐿(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡,𝜓1(𝑡),𝛍)

= 𝐻(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡,𝜓1(𝑡),𝛍) + �𝜈𝑗(𝑡)𝜉𝑗(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡),
4

𝑗=1

 (13) 

in which 𝛍 = (𝜇1, 𝜇2, … , 𝜇2𝑛+1) is the vector of multipliers, 
such that the following relations hold: 

(a) The multipliers 𝜓0, 𝜇𝑘, 𝑘 = 1,2, … ,2𝑛 + 1, are constant; 𝜓0 ≥ 0 and 𝜇𝑘 ≥ 0, 
𝑘 = 1,2, … ,2𝑛 + 1, with 

𝜇𝑘 �� ℎ𝑘(𝑥1∗(𝑡),𝑢∗(𝑡),𝐛∗, 𝑡)𝑑𝑡
𝑇∗

0
+ 𝑆𝑘(𝐛∗)� = 0, 𝑘 = 1,2, … ,2𝑛 + 1. (14) 

(b) The multipliers 𝜈𝑗(𝑡), 𝑗 = 1,2,3,4, are piecewise continuous and are continuous 
over each interval of continuity of 𝑢∗(𝑡). Moreover for each 𝑗 = 1,2,3,4 we have 
𝜈𝑗(𝑡) ≥ 0, 𝜈𝑗(𝑡)𝜉𝑗(𝑥1∗(𝑡),𝑢∗(𝑡),𝐛∗, 𝑡) = 0. (15) 

(c) The multiplier 𝜓1(𝑡) is continuous and satisfies the adjoint equation 
−𝑑𝜓1(𝑡) 𝑑𝑡⁄ = (𝜕 𝜕𝑥1⁄ )𝐻(𝑥1(𝑡),𝑢∗(𝑡),𝐛∗, 𝑡,𝜓1(𝑡),𝛍)|𝑥1(𝑡)=𝑥1

∗(𝑡). (16) 
Note that in our case 𝑑𝜓1(𝑡) 𝑑𝑡⁄ = 0, so 𝜓1(𝑡) = 𝜓1 = 𝑐𝑜𝑛𝑠𝑡. 
The maximum principle is stated by the inequality 

𝐻(𝑥1∗(𝑡),𝑢∗(𝑡),𝐛∗, 𝑡,𝜓1(𝑡),𝛍) ≥ 𝐻(𝑥1∗(𝑡),𝑢(𝑡),𝐛∗, 𝑡,𝜓1(𝑡),𝛍) (17) 
which holds for all [𝑥1∗(𝑡),𝑢(𝑡),𝐛∗, 𝑡] ∈ 𝐴, where 𝐴 is the set of acceptable solutions. 

The maximum principle implies that 
(𝜕 𝜕𝑢⁄ )𝐿(𝑥1∗(𝑡),𝑢(𝑡),𝐛∗, 𝑡,𝜓1(𝑡),𝛍)|𝑢(𝑡)=𝑢∗(𝑡) = 0. (18) 
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By substituting expressions (11) for the functions 𝜙0(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡), 
𝜙1(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡), and 𝜉𝑗(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡), 𝑗 = 1,2,3,4, into (18) we obtain 

𝜓0𝑔(𝑡) + 𝜓1 + �(𝜇𝑘 − 𝜇𝑘+𝑛)𝑓𝑘(𝑡)
𝑛

𝑘=1

+ 𝜇2𝑛+1

+ 𝜈1(𝑡) − 𝜈2(𝑡) + (𝜈3(𝑡) − 𝜈4(𝑡))/(1 − 𝑥1∗(𝑡)) = 0. 
(19) 

Meanwhile the equations (15) show that in each interval of 𝑢∗(𝑡) continuity at least 
one of the functions 𝜈𝑗(𝑡) or 𝜉𝑗(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡), 𝑗 = 1,2,3,4, equals zero. 

Now assume that 𝜈1(𝑡) = 𝜈2(𝑡) = 𝜈3(𝑡) = 𝜈4(𝑡) = 0. Then the expression (19) can 
be easily reduced to 

𝑔(𝑡) = 𝑐0 + �𝑐𝑘𝑓𝑘(𝑡)
𝑛

𝑘=1

, (20) 

where 𝑐0 = −𝜓1 + 𝜇2𝑛+1 𝜓0⁄ ; 𝑐𝑘 = −𝜇𝑘 − 𝜇𝑘+𝑛 𝜓0⁄ , 𝑘 = 1,2, … ,𝑛. 
It has been noted in [4, 5] that the condition (20) is normally not satisfied because 

𝑔(𝑡) cannot be expressed in terms of a linear combination of the functions 𝑓𝑘(𝑡), 𝑘 =
1,2, … ,𝑛. Hence at least one of the functions 𝜈1(𝑡), 𝜈2(𝑡), 𝜈3(𝑡), 𝜈4(𝑡) is not equal to zero. 
In turn if 𝜈𝑗(𝑡) ≠ 0 for any 𝑗 = 𝑗∗ then correspondent 𝜉𝑗∗(𝑥1(𝑡),𝑢(𝑡),𝐛, 𝑡) must be equal 
to zero due to (15). This means that either 𝑢(𝑡) = 𝜌(𝑡) = 𝐾 or 𝜆(𝑡) attains one of its 
boundary values. 

Finally we can conclude that the optimal pdf 𝜌(𝑡) = 𝑢∗(𝑡) contains some intervals 
of continuity, and at each interval either pdf equals 𝐾, or the failure rate 𝜆(𝑡) equals 𝜆 or 
𝜆. More precisely, if 𝑥1(𝑡) < 𝑥10 = (𝜆 − 𝐾)/𝜆, then the alternatives are 𝜌(𝑡) = 𝐾 or 
𝜆(𝑡) = 𝜆, otherwise the alternatives are 𝜆(𝑡) = 𝜆 or 𝜆(𝑡) = 𝜆 (Figure 3). 

4.   Numerical Example 

Assume that we are interested in knowing bounds 𝑅(𝑞) and 𝑅(𝑞) on system reliability at 
time 𝑞 

𝑅(𝑞) = 1 −� 𝐼[0,𝑞](𝑡)𝜌(𝑡)𝑑𝑡
∞

0
 (21) 

subject to the following constraints: 𝜆 ≤ 𝜆(𝑡) ≤ 𝜆, 𝜌(𝑡) ≤ 𝐾, 𝜆 < 𝐾 < 𝜆 and mean time 
to failure 𝜏 = 𝜏∗. 

The pdf 𝑢∗(1)(𝑡) = 𝜌(𝑡) for which 𝑅(𝑞) attains its minimum 𝑅(𝑞) may contain two 
or three intervals of continuity. The number of intervals of continuity depends on values 
of the time 𝑡0 = (𝜆 − 𝐾) (𝜆𝐾)� , for which 𝑥1(𝑡0) = 𝑥10 (Figure 3) and the time 𝑡1, at 
which 𝑢∗(1)(𝑡) switches the first piece of its continuity to the next one. We consider two 
examples. 

In case 𝑞 ≤ 𝑡1 ≤ 𝑡0 we obtain 
(i) 𝑢∗(1)(𝑡) = 𝐾 if 𝑡 ≤ 𝑡1, 
(ii) 𝑢∗(1)(𝑡) = (1 − 𝐾𝑡1)𝜆exp (−𝜆(𝑡 − 𝑡1)) if 𝑡 > 𝑡1. 

In turn, 𝑡1 can be found by solving the equation 𝜏 = 𝐾𝑡12 2⁄ + (1 − 𝐾𝑡1)�𝑡1 +
1 𝜆⁄ � = 𝜏∗. 

This quadratic algebraic equation has the positive real root 

𝑡1 = ��1 − 𝐾 𝜆⁄ � + ��1 − 𝐾 𝜆⁄ �2 + 2𝐾�1 𝜆 − 𝜏∗⁄ �� 𝐾� .    
(22) 
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In this case 𝑅(𝑞) = 1 − 𝑞𝐾. 
In alternative case 𝑡0 < 𝑞 < 𝑡1 we obtain 

(i) 𝑢∗(1)(𝑡) = 𝐾 if 𝑡 ≤ 𝑡0, 
(ii) 𝑢∗(1)(𝑡) = (1 − 𝐾𝑡0)λexp (−λ(𝑡 − 𝑡0)) if 𝑡0 < 𝑡 < 𝑡1, 
(iii) 𝑢∗(1)(𝑡) = (1 − 𝐾𝑡0) exp �−λ(𝑡1 − 𝑡0)� 𝜆 exp �−𝜆(𝑡 − 𝑡1)� if 𝑡 ≥ 𝑞. 

In turn, 𝑡1 can be found as the root of the equation 
𝜏 = 𝐾𝑡02 2⁄ − (1 − 𝐾𝑡0)�𝑡1 exp�−𝜆𝑡1� − 𝑡0 exp�−𝜆𝑡0��

+ (1 − 𝐾𝑡0) ��1 𝜆⁄ ��exp�−𝜆𝑡1� − exp�−𝜆𝑡0��

+ exp �−𝜆(𝑡1 − 𝑡0)� �𝑡1 + 1 𝜆⁄ �� = 𝜏∗. 

(23) 

In this case 𝑅(𝑞) = (1 − 𝐾𝑡0)�1 − (1 − 𝐾𝑡0)exp (−𝜆𝑡0)(exp�−𝜆𝑡0� −
exp (−𝜆𝑞))�. 

The other possible situations corresponding to different combinations of 𝑡0, 𝑡1 and 𝑞 
values can be analysed in a similar way. 

The pdf 𝑢∗(2)(𝑡) = 𝜌(𝑡) for which 𝑅(𝑞) attains its maximum 𝑅(𝑞) may also contain 
various number of intervals of continuity (it depends on the values of the time 𝑡0 and of 
the time 𝑡2, at which 𝑢∗(2)(𝑡) switches the first piece of its continuity to the next one). 

For instance, in case 𝑞 ≤ 𝑡2 ≤ 𝑡0 we obtain 𝑢∗(2)(𝑡) = 𝜆exp (−𝜆𝑡) if 𝑡 ≤ 𝑡2, 
𝑢∗(2)(𝑡) = 𝐾 if 𝑡2 < 𝑡 ≤ 𝑡0 and 𝑢∗(2)(𝑡) = exp (−𝜆𝑡2)(1 − 𝐾(𝑡0 − 𝑡2)) λexp �−λ(𝑡 −

𝑡0)� if 𝑡 > 𝑡0. In turn 𝑡2 can be found as the root of the equation 
𝜏 = �1 𝜆⁄ ��1 − exp�−𝜆𝑡2�� − 𝑡2 exp�−𝜆𝑡2� + 𝐾(𝑡02 − 𝑡22) 2⁄
+ (1 − 𝐾(𝑡0 − 𝑡2)) exp�−𝜆𝑡2� �𝑡0 + 1 𝜆⁄ � = 𝜏∗. 

(24) 

In this case 𝑅(𝑞) = exp�−𝜆𝑡2� �1 − 𝐾(𝑞 − 𝑡2)�. 
In case 𝑞 ≤ 𝑡0 ≤ 𝑡2 we obtain 𝑢∗(2)(𝑡) = 𝜆exp (−𝜆𝑡) if 𝑡 ≤ 𝑡2 and 𝑢∗(2)(𝑡) =

exp (−𝜆𝑡2) λexp �−λ(𝑡 − 𝑡2)� if 𝑡 > 𝑡2. In turn 𝑡2 can be found as the root of the equation 

𝜏 = �1 𝜆⁄ ��1 − exp�−𝜆𝑡2�� − 𝑡2 exp�−𝜆𝑡2� + exp�−𝜆𝑡2� �𝑡2 + 1 𝜆⁄ � = 𝜏∗. (25) 
In this case 𝑅(𝑞) = exp�−𝜆𝑞�. 
Suppose 𝜆 = 0.0001ℎ−1, 𝜆 = 0.0009ℎ−1, 𝐾 = 0.0007ℎ−1, 𝑞 = 100ℎ and 𝜏∗ =

9000ℎ, then 𝑡0 = 317.46ℎ, and from (22) 𝑡1 = 165.08ℎ. 
This means that conditions 𝑞 ≤ 𝑡1 ≤ 𝑡0 are satisfied, so 𝑅(𝑞) = 1 − 𝑞𝐾 = 0.930. 
As far as the upper bound on 𝑅(𝑞) is concerned, we find that equation (24) does not 

give us any real positive value of 𝑡2. On the contrary, equation (25) has the solution 
𝑡2 = 21848.03ℎ, so conditions 𝑞 ≤ 𝑡0 ≤ 𝑡2 are satisfied and 𝑅(𝑞) = exp�−𝜆𝑞� = 0.999. 

Now we compare the obtained results with the solutions to the corresponding 
traditional IPT problem in which we impose no restrictions for the upper bound on pdf 
and the upper and the lower bound on failure rate. In fact, a priori information can be 
incorporated in the traditional problem statement only by setting the value of 𝜏 = 𝜏∗. 
Applying the methods of linear programming to the discussed traditional problem, one 
can find only the very trivial estimations 𝑅(𝑞)𝑡𝑟𝑎𝑑 = 0 (lower bound) and 𝑅(𝑞)𝑡𝑟𝑎𝑑 = 1 
(upper bound). 
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We easily calculate the difference Δ�𝑅(𝑞)� = 𝑅(𝑞) − 𝑅(𝑞)𝑡𝑟𝑎𝑑 = 0.930. The 
obtained difference indicates that the lower bound on probability moves to the right when 
additional constraints are utilized. In turn, the difference Δ �𝑅(𝑞)� = 𝑅(𝑞)𝑡𝑟𝑎𝑑 − 𝑅(𝑞) =
0.001 is yielding more accurate estimate for the upper bound on the probability of 
interest. Hence the bounds of the resulting interval [𝑅(𝑞),𝑅(𝑞)] become significantly 
tighter than those of the interval [𝑅(𝑞)𝑡𝑟𝑎𝑑 ,𝑅(𝑞)𝑡𝑟𝑎𝑑]. 

5.   Discussion: Applicability of the Approach  

The most important motivation behind applying CT-based techniques to assessing system 
reliability is to benefit from the advantages of the control theory methodologies when 
analyzing system performance under the conditions of uncertainty. Namely, the CT-based 
techniques are able to utilize the concept of state-space description, optimal control and 
infinite horizon control algorithms, etc. This paper has demonstrated that the CT-based 
model approach allows relaxing assumptions of the traditional IPT-based methods. In 
particular, IPT-based models require the following:  

(i) maximum possible value of time 𝑇 to failure to be a priori known  (this 
maximum value is explicitly used in the reliability assessments), 

(ii) isoperimetric constraints (7) to be the only type of constraints in the problem 
statement. 

These assumptions significantly restrict the applicability domain of the IPT-based 
methods [5, 9]. 

To the contrary, application of CT-based model allows considering the whole interval 
𝑇 ∈ [0,∞) and involving the holonomic constraints (9), (10) elicited from experts to 
exclude the unrealistic solutions for pdf (e.g., linear combinations of Dirac’s 𝛿-functions). 
Consequently, more adequate and precise resulting estimations of the statistical 
characteristics of interest can be obtained.  

The proposed approach is applicable to solving generalized versions of the famous 
problems in the domain of reliability or risk analysis. For example, if the functions 
𝑓𝑖(𝑡), 𝑖 = 1,2, … ,𝑛,  in (7) are equal to 𝑡𝑖, the conditions (6) – (10) may be interpreted as 
the ‘truncated moment problem’ (TMP) [12] that consists of determining a probability 
density function 𝜌(𝑡) from a set of its first 𝑛 moments. Analysis of such a problem is a 
part of accidental risk assessment procedure for many industrial objects (e.g., gas 
pipelines [13]). 

The usage of CT-based methodology compared to classical procedures for solving 
TMP allows: 

(i) taking into account the moments which values are specified within a defined 
uncertainty range, 

(ii) mapping the bounds on the values of some definite moments into the bounds 
on the values of other moments. 

The possibility to extend the proposed approach to usage of multivariate distributions is, 
however, yet to be investigated. 

6.    Conclusions 

Control theory based uncertainty model is an effective tool in reliability analysis which 
can be applied to practical computations for the systems under the conditions of 
significant lack of initial data. It can be combined with the technique of the so-called 
‘interval-valued probabilities’ to enable quantification of the uncertainty even if the 
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distribution law of the time to failure is unknown or imperfectly known. However the 
resulting intervals for the statistical characteristics obtained via the above technique in its 
traditional form are often too wide for giving an accurate failure prognosis. This drawback 
can be overcome by introducing additional constraints (e.g., bounded probability 
densities, bounded failure rates) mostly based on expert judgments. Such a novelty 
requires new (non-traditional) methods of estimating the intervals of interest. In this paper 
we demonstrate that new approach exploiting the methods of optimal control theory is just 
what is needed. 
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